In turbulence phenomena, including the quantum turbulence in superfluids, an energy flux flows from large to small length scales, composing a cascade of energy. It is a well-known fact that for multi-scale energy flow, dissipation can be scale-dependent. In particular, the existence of a range of scales where there is no energy accumulation, the inertial range, is an indication of universal behavior in turbulence. There are intrinsic difficulties associated with the measurement of the energy flux during the time evolution of turbulence. Here we present a procedure to measure the energy flux during the time evolution of turbulence in a sample of a trapped Bose-Einstein condensate. The energy flux is evaluated using the energy spectrum and the continuity equation. We identified intervals of momentum where the flux is constant using two different procedures. The identification of a region with constant flux in turbulent BECs is a manifestation of the universal character of turbulence in these quantum systems. These measurements pave the way for studies of energy conservation and dissipation in a scale-dependent manner in trapped atomic superfluids, and also analogies with the related processes that take place in ordinary fluids.
Introduction. -Turbulence is a process that occurs in many types of fluids and in a wide range of length scales [1] . From the climatic effects involving large masses, down to capillaries, turbulence presents properties that are universal, regardless of the system under consideration. Richardson [2] was the first to propose that the phenomenology of there-dimensional turbulence is related to a forward cascade. An external source injects the kinetic energy at large length scales, thus feeding large eddies. The eddies interact, break up into smaller structures, and the process repeats itself down to small length scales, where energy is dissipated by viscous forces. It is convenient to work in momentum space when dealing with turbulence. Hence large (small) length scales correspond to small (large) scales in the reciprocal space. Whenever we refer to the real space, we write "length scale" explicitly.
The existence of universal behavior in turbulence is considered a breakthrough in the understanding of the phe-nomenum. Among these universal characteristics, there is the so-called inertial region, usually represented in momentum space (k-space). In this region, energy must flow from small scales to large scales of the system without loss of energy. The consequence of this universal feature was brilliantly elaborated in mathematical form by Kolmogorov [3] and Obukhov [4, 5] . Their work resulted in one of the best-known laws in the field of turbulence: the kinetic energy spectrum has a power-law behavior,
where δ a fractional or integer number, depending on the type of turbulence [6] . This characteristic, which is a universal behavior for turbulence phenomena involving classical fluids, has also been observed in superfluids, when in the quantum turbulence regime [7, 8] . Initially, this behavior was investigated in liquid He, both from theoretical and experimental point of views. More recently, this was also investigated in atomic superfluids that arise during Bose-Einstein condensation of trapped atoms [9] [10] [11] [12] [13] .
In the inertial interval, the energy flows between scales in a non-dissipating regime, therefore it yields a constant energy flux. The presence of turbulence forces the energy injected in small scales to flow in a constant flow regime to large scales, where it is dissipated. This description seems entirely appropriate for a wide variety of turbulent phenomena.
The presence of a constant energy flow regime seems to be as important as the power-law itself, or perhaps even more, in terms of identifying the turbulence phenomenon because it is one of the expected characteristics for such a non-equilibrium state of fluids. A region with constant flow suggests the existence of a cascade, while the powerlaw exponent contains details about it (waves, eddies, a mixture of both). However, because it is easier to measure the energy spectrum and the presence of the power-law, this has been the main way to identify the presence of turbulence. Obtaining the energy spectrum and identifying the energy flow in different momentum ranges may bring great physical insight into the experiments.
In this work, experiments with an 87 Rb Bose-Einstein condensate were used to produce the quantum turbulence state by introducing excitations as in a previous works [14] [15] [16] [17] [18] . Once the desired state is produced, the momentum spectrum is obtained by an optical absorption image after a free time of flight, that corresponds to a projection of the cloud density on a plane. Then the energy spectrum is obtained, considering a kinetically dominated regime. The final energy spectrum is analyzed to identify regions where flow remains constant or regions where the total energy does not change.
This work is organized as follows. We start by introducing some concepts related to the energy flux that will be applied when analyzing the measurements. Then, a brief description of the experimental procedure is offered, followed by the results. Finally, we discuss our findings and their implications.
Energy flux and cascade in quantum turbulence.
-Let us consider a system, where the excitations are introduced in a scale with characteristic wave number k D = 2π/D, where D is the typical system size. Due to the mechanisms involved in superfluids, interactions occur between the excitations, whether they are vortices or waves. The result of these interactions is that smaller structures are formed, and energy begins to flow from the large to the small length scales in a process called energy cascade [3] . The process can be better understood by considering the scheme of Figure 1 . Initially, at large length scales, the system is forced by injecting energy in the form of large structures composed of vortices or waves. A process of forming excitations on smaller length scales occurs, entering the inertial region where well-known cascades such as Kolmogorov's, Kelvin's [19, 20] , or others can occur. In this scale range, energy only migrates from one scale to another, without dissipating, until it finds a smaller length scale where dissipation begins to occur. This is a way of the system to escape the original excited state. Energy transfer is a typically out-of-equilibrium process, while at a micro-scale, the system is in a near-equilibrium regime. Thus, the turbulence process is a phenomenon of multiple scales, which evolves in time seeking an equilibrium condition.
Denoting by Π E (k, t) the energy flow (energy per unit area and per unit time in k-space), I E (k, t) the rate of external energy injection producing excitations, D E (k, t) the energy dissipation rate for a given wave number k at time instant t, we can write the continuity equation relating those quantities,
where ρ(k, t) is the energy density. If we are dealing with a momentum region where injection and dissipation are not present, the expression is simplified,
If we assume an isotropic energy distribution, Equation (3) can be written as a function of the modulus of k, |k| = k, resulting in
where we introduced the scalar flux Φ E (k, t) corresponding to an isotropic flux vector field Π E (k, t). By definition, 4πk 2 ρ(k, t) = E(k, t), where E(k, t) is the energy spectrum, such that E(k)dk equals the total energy of the system. Hence, the energy flux in momentum space can be written as
(5) Equation (5) indicates that observing the time variation of the energy spectrum in a specific interval, from its smallest value k D to a given value of momentum k, one can obtain the energy flux at k. This feature is the cornerstone of this work, and this expression for the energy flux has been previously used by Baggaley and co-authors in the context of quantum turbulence [21] .
Obtaining a turbulent cloud in a trapped superfluid. -The experiment begins with the production of a Bose-Einstein condensate, containing about 4 × 10 5 87 Rb atoms in the hyperfine state |F, m F = |2, 2 , confined in a Quadrupole-Ioffe magnetic trap. At the end of the experimental procedure, the condensate fraction is approximately 80%. Details of the experimental condensate production and other technical remarks can be found in Refs. [16] [17] [18] . The condensate is excited by a combination of coils that produce a set of micro-rotations and p-2 The schematic represents three domains in momentum space. First, at small values, energy is injected as the excitations are introduced in the system. Then, the energy migrates to a region which is dissipationless, and it finally reaches a boundary where dissipation starts to take place, and energy is expelled from the system.
displacements in the trap. The amplitude of the disturbances introduced by the excitation coils can be varied, as well as the time and frequency of excitation. In this work, we keep the excitation frequency fixed at Ω/(2π) = 190 Hz. The excitation amplitude, measured by the gradient of the input field, and quantified by the voltage in a standard resistor, is varied until an amplitude is reached, where changes in the cloud are clear enough to guarantee the establishment of a non-equilibrium state with turbulent characteristics. The excitation time may also vary because there is a compromise between the excitation application time and the amplitude to generate the turbulent state. For example, larger amplitudes need less time to reach similar conditions. The range of amplitudes to obtain turbulence was the topic of investigation in previous works [16] [17] [18] .
In this work, we employed an excitation time τ exc of 35 ms. After the excitation is done, the coils that generate the disturbance field are turned off, and the system is left on hold for a time τ hold . This time may vary from 20 to 70 ms. During this interval, there is a temporal evolution of the state produced during the excitation period. During the hold period, the momentum distribution evolves in time. The variation of τ hold allows the determination of the temporal variation of the energy spectrum and, consequently, the possible existence of momentum intervals where a constant flow is present. After a particular state is produced, and the hold time has passed, the atoms are released from the trap and perform a free expansion during a time τ TOF . As previously investigated [22] , the turbulent state is kinetically dominated. Hence, the spatial distribution of atoms in free expansion can be used to map the momentum distribution n(k). The momenta of the atoms are connected with the position in the expanded cloud by the relation k = mr/(hτ TOF ), where m is the mass of the atom and r is the distance from the center of the trap to the considered position. The procedure we adopted is to perform an optical absorption image of the cloud after the time of flight. This produces an image on the plane (k x , k y ). The momentum distribution is obtained by averaging the number of atoms within the interval k and k + dk. The validity of the application of the time of flight technique to obtain the momentum distribution has been widely discussed in several publications [9, 10] . The integration of the in-plane density, for a given time t, yields the total number of particles, 4π dk k 2 n(k, t) = N (t).
Since the total number of atoms is approximately constant comparing different time intervals, variations of n(k, t) are due to effects arising from the time evolution of the turbulent state alone. Figure 2 shows a typical distribution obtained for the turbulent cloud, produced under the described conditions. The momentum range available in the experiment corresponds to 30 µm −1 , but, for simplicity, we only plot the first half of the range. As the holding time increases, the distribution shifts towards higher momenta. In the inset, we plot the momentum distribution for one of the holding times in a log-log scale. We performed a fit in the 9 < k < 11 µm −1 range to a power-law, which yields the exponent -2.9(1), in agreement with previous experiments [9] . From the momentum distribution, the energy spectrum can be obtained by multiplying n(k) by the energy of each component,h 2 k 2 /(2m).
The energy spectrum and the analysis of the energy flux. -The energy spectra obtained for the 46 ms, 52 ms, and 58 ms holding times are shown in Figure 3 . Note that with increasing holding time, the energy migrates from the small to large k values, as expected. Fig. 2 : In-plane momentum distribution obtained for different holding times, τ hold = 46, 52, and 58 ms denoted by the red solid curve, green dashed curve, and blue dash-dotted curve, respectively. The uncertainties are represented by the shaded areas around the curves. As time progresses, the distribution modifies itself, decreasing for lower momenta and increasing for higher ones. The inset shows the momentum distribution for τ hold = 46 ms in a log-log scale, where we also plot a solid black line corresponding to a power-law in n(k) with the exponent -2.9.
With the spectra at three different times, one can determine the flux Φ E (k, t) previously defined in Eq. (5) . We adopted the flow evaluation at 52 ms, using other two points to determine the time derivative, see Fig. 4 . The calculation is performed for each value of k, taking k D = 2π/D with D ≈ 30 µm. The resulting flux is also shown in Fig. 4 .
The fact that the flux is positive implies that the energy is flowing from the smallest to the largest k values characterizing the direct cascade of energy, see Fig. 4 . It is observed that the flux, Φ E (k, t = 52 ms), grows from small values of k, increasing until reaching a particular value around 9 µm −1 , where it begins to level out, then acquires an approximately constant value extending up to 11 µm −1 , after which it begins to decrease again. For this region of constant flux, the migration of energy between the scales (although we do not have a broad range), occurs without energy being added or subtracted. A previous investigation in similar conditions [9] found that n(k) displays a power-law dependence in the range between 5 and 20 µm −1 , customarily associated with the inertial range, characterizing the possible cascade. The k-range we found in this work is within this previous estimate.
The existence of a region characterized by a constant energy flux Φ E (k, t) is confirmed by the fact that there is an interval in k-space where the total energy (the integral of the spectrum) is preserved, i.e. without variation with time evolution. This happens because no energy is accumulated or dissipated in this region, as a direct consequence of constant energy flux. In order to identify this Fig. 2 . The evolution of the spectra is toward migration of energy from lower to higher momenta, as expected.
region of preserved total energy, we look for intervals in k space where the integral of the spectrum is constant for different times. We define two limits, k i and k f , where there is no temporal dependence for the integral of the energy spectrum. We start by defining the quantity
The idea is to look for the interval [k i , k f ] that has independence over time. From the curves E(k, t), we perform a numerical calculation, determining the interval in which Q(k i , k f , 52 ms) does not differ from Q(k i , k f , 46 ms) or Q(k i , k f , 58 ms) by more than an arbitrary and small value. The result is shown graphically in Fig. 5 . It is observed that for the given spectra, the interval where there is a minimal temporal variation of Q(k i , k f , t) is between 7.2(4) to 12.7(2) µm −1 . Again, this coincides with the previous flux interval and also with the interval where the existence of power-law in the momentum distribution was determined, characterizing the energy cascade.
Conclusions and final remarks. -By obtaining the energy spectrum of a turbulent cloud of condensed atoms, it was possible to identify that there are regions in the reciprocal space where the energy flux between the momentum classes, or at the various spatial scales, which are independent of k. This characterizes an inertial regime where energy flows between scales without dissipation.
The identification of this region from the momentum distribution alone would be very difficult, see the inset in Fig. 2 . However, the identification is much more clear if we employ the energy flux illustrated in Fig. 4(b) , with the results confirmed by the identification of the range [k i , k f ] defined by Eq. (7), displayed on Fig. 5 also provide intervals that are close together, ≈ 9 to 11 µm −1 and 7.2(4)< k <12.7(2) µm −1 , and in agreement with previous measurements of the power-law behavior of the momentum distribution [9] .
The range we found is relatively short, with less than one order of magnitude. However, this is characteristic of the system used, where the range of available scales is relatively short with less than one-decade order available. The range found, is compatible with previous measurements where in the same range is, for the energy spectrum or the momentum distribution, a region with a power-law of dependence with k. This result complements previous results by contributing more facts in characterizing turbulent state in excited Bose-Einstein condensates. Despite this fact, it should be noted that our sample is three-dimensional, and the ideal situation would be an exploration of the momentum and energy spectrum in 3D, without the need to perform the projection on the plane. The in-plane projection of the expanded cloud mixes high and low momentum components, limiting the observations. If we were to perform another projection of the momentum, now obtaining an in-axis moment, we observed that there is even more reduction of the interval for constant flux, because now the mixture is even more severe. An estimate of the expected range for the 3D cloud, if we could measure it, would result in a range of k i to k f ≈ 7 µm −1 , a broader range than that observed in this paper. This is associated with the necessity to project the cloud on the plane. At the moment, we have to manage the limitations of the technique and work to overcome those limitations. In any case, the results are quite interesting and indicative of the existence of the energy cascade with the presence of a region in momentum space for a constant flux of energy in the system. The results presented here open up new possibilities to investigate the intra-scales aspects of the energy flux in quantum turbulence, and new experiments are on the way. * * *
